The β-decay and electron-capture channels, which are not accompanied by the excitation of the electron shell, are suppressed due to the nonorthogonality of the electron wave functions of the parent and daughter atoms. The dominant suppression is due to the valence-shell electrons, which are involved in the formation of chemical bonds with other atoms. A change in the chemical composition of a substance leads to a significant change in the overlap amplitude. The core-shell electrons are less sensitive to the environment and their overlap amplitude is more stable. The suppression effect is evaluated for the electron capture with 163 Ho and the 2β − decays with 76 Ge and 136 Xe.
Neutrinos are probably the most promising particles for uncovering new physics beyond the Standard Model because of their extremely low masses and electroneutrality, which raises the question of whether neutrinos are Majorana particles. The total lepton number is not conserved by the Majorana neutrinos. The violation of the total lepton number is sought in the processes of neutrinoless 2β − decay, neutrinoless double electron capture (2EC) and others. In the quark sector of the Standard Model, a similar fundamental role is played by processes with non-conservation of the baryon number, such as proton decay, neutron-antineutron oscillations, etc. The laws of conservation of the total lepton and baryon numbers are not supported by the local gauge symmetries of the Standard Model, and in a more general context these conservation laws can be violated.
The amplitudes of neutrinoless 2β − decay and neutrinoless 2EC process, which are not accompanied by the excitation of the electron shell, are proportional to the effective Majorana mass of electron neutrino and the overlap of the wave functions of electrons of the parent and daughter atoms. The neutrino mass values that can potentially be extracted from the experiment depend on the overlap of the electron shells.
In this paper we discuss the overlap effect in decays, accompanied by a change in the electric charge of the nucleus. First, we present an estimate of the overlap amplitudes in a simple non-relativistic model without screening, where explicit analytical expressions can be derived and a qualitative analysis of the effect can be made. Next, we generalize the model taking into account the screening of the nuclear charge. The estimates indicate the dominance of the contribution of the valence-shell electrons. We also consider a relativistic shell model based on the Dirac equation, in which the effective charge of the nucleus is determined from semi-empirical data on the binding energies of electrons at individual levels. The processes of electron capture with Ho [1] and 2β − decays of Ge and Xe [2, 3] are analysed. Finally, we discuss the conditions under which the overlap of electron shells affects limits on the effective electron neutrino Majorana mass, implied by experiments on neutrinoless 2β − decays and 2EC processes. The β − -decay and electron-capture processes are accompanied by a change in the nuclear charge by one or two units. After decay, the electrons, which are initially in the stationary states of the parent atom, turn into a superposition of the stationary states of the daughter atom. The probability of remaining in the ground state for the electron shell is less than one.
In what follows, the atomic system of units is used, where the electron mass m e = 1 and the Bohr radius a 0 = 1/(αm) = 1. The standard separation of variables in the energy eigenfunctions of the non-relativistic Coulomb problem gives
where Z is charge of the nucleus, n is the principal quantum number, l is the orbital angular momentum, m is its projection, Y lm (n) is the spherical function. R nl (Zr) satisfies the radial Schrödinger equation. The normalization condition of the radial part takes the form
This equation holds for any Z. Differentiating both parts of the equation by Z, we find
The overlap amplitude of the electron wave functions with the identical quantum numbers for atoms with the nuclear charges Z and Z ′ = Z + ∆Z can be written as follows
The overlap amplitude O nl determines the amplitude of finding the electron in its initial state after the decay. We confine ourselves to the case of Z ≫ 1, which covers medium-heavy and heavy atoms of experimental interest.
Decomposing the left side in a power series of ∆Z/Z to the second order, one gets
The second-order derivative term can be removed using the radial Schrödinger equation, the normalization condition and Eq. (3). The first-order derivative term vanishes because of the condition (3). The first term in parentheses gives the normalization. As a result, we obtain where the average and rms radii are given by (see, e.g., [4] )
Finally, we obtain
The condition O [5] gives 0.999801, 0.999563, and 0.999524, respectively. The variance does not exceed 3 · 10 −4 . We limit ourselves to the case of atoms with completely filled outer shells. This condition gives the following relationship between the nuclear charge and the principal quantum number n Z of the outermost occupied shell
where the summation is carried out by spin projection σ = ±1/2, the angular momentum projection m, the angular momentum l, and the principal quantum number n.
The complete overlap amplitude can be found by multiplying the overlap amplitudes of all the occupied levels with the principal quantum numbers ≤ n Z :
where the products account for the structure of the electron shell, whereas the screening of the nucleus by the surrounding electrons is neglected. In the processes of electron capture, one or two vacancies are formed in the electron shell. Since O nl are very close to unity, this kind of electron shell distortion can be neglected. The product can be evaluated with help of the fact, that for small ǫ,
which gives
Equations (7) - (9) are valid for Z corresponding to integer values n Z . We analytically continue the overlap amplitude to arbitrary Z. In the limit of large Z,
Equation (10) implies that the electron capture in 67 Ho with ∆Z = −1 is not accompanied by the excitation of the electron shell with the probability of K 2 Z ≈ 0.95. In the 2β − decay of 32 Ge, the survival probability equals K 2 Z ≈ 0.75. Let us discuss the effect of screening. Electrons with the principal quantum number n move in the Coulomb potential with an effective charge Z eff ≈ Z − Z s , where Z s is the number of electrons at lower shells with the principal quantum numbers 1...n − 1. Z s is given by Eq. (7) with n Z replaced by n − 1. Accordingly, in Eq. (6) it is sufficient to make a substitution Z → Z eff . The overlap amplitude (8) with the effect of screening taken into account is computed in terms of special functions, however the final expression is quite cumbersome, so we focus on numerical estimates. The solid curves in Fig. 1 give the total survival probabilities for ∆Z = ±1 and ±2 as functions of the nuclear charge Z; the estimates (9) and (10) are also shown.
Taking into account the screening, the overlap amplitude in the electron capture in 67 Ho for n = 1, 2, 3, 4 and l = 0 equals O nl = 0.999916, 0.999733, 0.999269, and 0.997287, while for n = 2, 3, 4 and l = 1 it equals O nl = 0.999852, 0.999422, and 0.997616. The difference with the calculations of Ref. [5] is below 10 −4 for n ≤ 3 and 2 · 10 −3 for n = 4. The overlap amplitude (6) decreases with increasing n. The partial summation over the spin projection, the projection of the orbital angular momentum, and the orbital momentum gives
The contribution of a single shell increases as ∼ n 4 /Z 2 . The screening of the nuclear charge also plays an important role. If Z eff is a screened charge for electrons with the principal quantum number n, then the contribution to the total overlap amplitude turns out to be enhanced as ∼ n 4 /Z 2 eff > n 4 /Z 2 , which may cast doubt on the validity of the expansion in ∆Z/Z. The effect of the valence shell deserves special attention.
The use of analytical expressions for the electron wave functions has certain advantages for realistic treatment of the effect, because analytical methods suffer only from systematic errors. A fairly accurate treatment can be made on the basis of the relativistic Dirac equation in a Coulomb field by determining the effective nuclear charge for each electron level separately from the known semi-empirical values of the electron binding energy [6] . This approach was used earlier to calculate the energy of the Coulomb interaction of electron holes for the neutrinoless 2EC problem [7] . We consider the cases of electron capture in Ho and 2β − decays of Xe and Ge. Using the known electron binding energies, the effective charges of the parent and daughter nuclei are calculated for each electron level and then substituted into the relativistic energy eigenfunctions of electrons in the Coulomb field. The overlap amplitude with f njl and g njl being the radial functions of the bispinor components, is calculated numerically without resorting to the expansion in ∆Z/Z. The overlap amplitudes are presented in Table 1 ; the corresponding electron energies and the effective nuclear charges are also given. The estimates reported in Table 1 also demonstrate the valence-shell dominance in K Z . Since valence electrons participate in bonding and collectivize in metals, their effect is least controlled. A straightforward calculation including the valence shell yields K 2 Z = 0.28, 2.8 × 10 −9 , and 3.8 × 10 −5 for Ho, Xe, and Ge, respectively. The extremely low probability for Xe can be partly due to the unaccounted difference between the Xe and Ba phases, for which the electron binding energies are known [6] . The core-shell electrons survival probabilities are less affected by the environment. A similar calculation gives K The amplitudes of neutrinoless 2β − decay and neutrinoless 2EC process are proportional to the effective electron neutrino Majorana mass
where U αi is the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix and m i are the masses of diagonal neutrinos. The study of cosmic microwave background anisotropies by the Planck Collaboration yields i m i < 0.12 eV [8] . Given the electron shell remains in the ground state, the decay amplitudes are proportional to K Z m ββ . Exotic interactions beyond the Standard Model can modify the mass of neutrinos in nuclear matter, so the effective electron neutrino Majorana mass observed in 2β
− decays and 2EC processes may differ from the vacuum value [9] . A similar effect arises from the supersymmetric generalizations of the Standard Model [10, 11] .
The collaborations GERDA [2] and KamLAND-Zen [3] from searching the neutrinoless 2β − decay with 76 Ge and 136 Xe give restrictions on the effective electron neutrino Majorana mass: |m ββ | < 120 − 260 meV and 61 − 165 meV, respectively, by taking into account uncertainties in the nuclear matrix elements and for the unquenched axial-vector coupling g A = 1.27. Calorimetric detectors for 2β − decay and electron capture measure the total released energy, in which case the smallness of K Z can be compensated by contributions of channels associated with the excitation of the electron shell. In the measurements of the invariant mass of two β electrons, the factor K Z is significant provided the experimental resolution is 10 eV or higher. If this strong requirement is not met, the channel in question cannot be distinguished from channels with excited electron shells. The nonorthogonality of the electron wave functions introduces additional uncertainties in the upper limit estimate for the effective electron neutrino Majorana mass, however, it is difficult to reliably estimate these uncertainties due to the many-electron character of the problem.
The experimental limits for the neutrinoless 2EC half-lives are weaker as compared to the neutrinoless 2β − decay. One of the best such limits is obtained for the 40 Ca → 40 Ar decay: T 0ν2EC 1/2 > 1.4 × 10 22 years [12] . Interest in neutrinoless 2EC can increase provided a resonance case is identified [7, 13] . A 2EC channel in which the daughter atom inherits the valence shell of the parent atom is not necessarily dominant. The excitation of the valence shell has a strong effect on the overlap amplitude, while it is not associated with the absorption of a significant amount of energy. The typical binding energy for valence electrons is about 10 eV. The resonance condition for the neutrinoless 2EC process is determined by the natural width of the electron shell, which has a similar magnitude. Transitions to excited states of the valence electrons do not strongly violate the 2EC resonant condition but increase K Z . The core-shell overlap amplitude provides the upper limit of K Z . The experimental Ho samples, which are used to study single-electron capture, are in the metallic phase, in which the collectivization of valence electrons complicates the estimation of the overlap amplitude. The same observation applies to any electron capture experiments using a substance in the metallic or liquid phase.
